A connected, oriented 5-manifold M is an irreducible SO(3)-manifold if there exists a rank 3 vector bundle η over M such that the tangent bundle is isomorphic to the bundle of symmetric trace-free endomorphisms of η. In this article we give necessary and sufficient topological conditions for the existence of irreducible SO(3)-manifolds. There we have to distinguish if the manifold is spin or not. At the end we provide some new examples of irreducible SO(3)-manifolds.
Introduction
Throughout this article let M be always a smooth, connected and oriented manifold. In this paper our aim is to determine topological conditions for certain rank 3 subbundles of the tangent bundle of a 5-manifolds. A related situation (cf. Remark 1.7) was studied by E. Thomas in [Tho67a] . There he investigated the conditions to the existence of two-fields on manifolds M of dimension 4k + 1 (k > 0). A two-field is a pair of tangent vector fields which are linearly independent in every point of the manifold. Hence every two-field determines a trivial rank 2 subbundle of the tangent bundle of M. He proved the following If M is a spin manifold like in Theorem 1.1 with dim M = 5, we can apply Wu's formula to see that w 4 (M) = w 2 (M) ⌣ w 2 (M) = 0, hence we obtain Corollary 1.2 (see also [Tho68] ). Suppose M is a closed, connected spin 5-manifold. Then M admits a two-field if and only ifχ(M) = 0.
Later, M. Atiyah proved a more general theorem using K-theory, where M has not to be spin. In this article we would like to study a similar situation. A manifold M of dimension 5 is called an irreducible SO(3)-manifold if there is a rank 3 vector bundle η over M such that the tangent bundle of M is isomorphic to the bundle of symmetric trace-free endomorphisms of η (see Remark 1.7 for an explanation why such manifolds are called irreducible). We will prove two main theorems about the topology of irreducible SO(3)-manifolds, which may be summarized as follows: The existence of a two-field is equivalent to the existence of a SO(n − 2)-structure on M with respect to the standard embedding of SO(n − 2) into SO(n) (n = dim M). We call such a structure a standard SO(n − 2)-structure on M.
For n = 5 there is another embedding of SO(3) into SO(5) besides the standard one (see [ABBF11] ): Identify R 5 as a vector space with the space Sym 0 (R 3 ) of symmetric trace free endomorphisms of R 3 . Then for h ∈ SO(3) and X ∈ Sym 0 (R 3 ) we set ρ(h)X := hXh −1 . This defines the irreducible embedding
It is now easy to see that ρ(h) preserves the standard metric on R 5 , which makes ρ a map into SO(5). It is clear that, as representations, the standard embedding and the irreducible embedding of SO(3) into SO(5) are not equivalent. An oriented 5-dimensional vector bundle over a CW-complex admits an irreducible SO(3)-structure if its structure group can be reduced from SO(5) to SO(3), where SO(3) is irreducible embedded into SO(5). From Theorem 4.4 it follows that the existence of an irreducible SO(3)-manifold M is equivalent to the existence of an irreducible SO(3)-structure of the tangent bundle of M.
Historical remark. First steps were made in [Bob06] and later in [ABBF11] . The author of [Bob06, Theorem 1.4] claimed that an irreducible SO(3)-structure exists if and only if the manifold admits a standard SO(3)-structure and the first Pontryagin class is divisible by 5. However in [ABBF11, Example 3.1] it was shown that the symmetric space SU(3)/SO(3) does not have a standard SO(3)-structure, but it admits an irreducible SO(3)-structure. Nevertheless in [BF06] M. Bobienski reports that the proof of Theorem 1.4 in [Bob06] should work if one assumes the manifold is spin. Indeed we will prove in section 3 that this is true, but we will use a different approach as in [Bob06] (Bobienski tries to compare the Moore-Postnikov towers of the irreducible and the standard representation of SO(3), where in this article we apply the methods of E. Thomas directly to this special case). In [ABBF11, Theorem 3.2] the authors prove some necessary conditions for the existence of an irreducible SO(3)-structure on a 5-manifold, using a special characterization of the tangent bundle. We will generalize this in Proposition 2.7 for oriented 5-dimensional vector bundles over an arbitrary CW-complex.
In section 2 we will make preparations for the proof of Theorem 1.4 (a). In particular we will determine properties of the obstructions for lifting a map ξ : Y → BSO(5) to a map Y → BSO(3) through the fibration Bρ : BSO(3) → BSO(5), where Y is a CWcomplex of dimension 5 (cf. Proposition 2.3). Section 3 contains the proof of Theorem 1.4 (a), where we assume that Y is a spin 5-manifold M and ξ the classifying map for the tangent bundle of M. In both section we will use the theory of E. Thomas, see [Tho66] , [Tho67b] and [Tho67a] . The second part of Theorem 1.4 will be proved in section 4, which is a quite short proof and depends heavily on the work ofCadek and Vanžura, cf. [ČV93] . In that article the authors classify 3-and 5-dimensional vector bundles over certain 5-complexes. Note that we rely on the condition on H 4 (M; Z), since the classification of vector bundles is given by characteristic classes (see e.g. [Tho68] ), where this condition is necessary (see also Remark 4.5). Finally, note that only Proposition 2.7 from section 2 is used for the proof of The manifold mentioned in the proposition above is constructed as the total space of a circle bundle over a simply connected, compact 4-manifold. We will also show Proposition 1.9. For i = 1, . . . , 2k
With proposition we will be able to consider new examples of irreducible SO(3)-manifolds.
We will make use of the definitions of Remark 1.7. commutes up to homotopy. We may assume that Bρ is a fibration and let X denote its homotopy fibre. Clearly the homotopy type of X is given by the 7-dimensional Berger space SO(5)/ρ(SO(3)).
Remark 2.1. The space X is 2-connected with π 3 (X) = Z 10 and π 4 (X) = Z 2 . For π 3 (X) one considers the long exact homotopy sequence for SO(3) → SO(5) → X and the fact the ρ induces an isomorphism on the first homotopy groups of SO(3) and SO(5). By the Hurewicz theorem and the fact that H 3 (X) = Z 10 one obtains π 3 (X). The group π 4 (X) can be computed using Lemma 3.2 in [ABBF11] and the long exact homotopy sequence.
In the following we will need the Serre exact sequence.
Lemma 2.2 ( [?, Proposition 3.2.1]). Let E and B be topological spaces and p : E → B a fibration. Let F be its homotopy fibre and i : F → E the inclusion of F as the fibre
and F is (n − 1)-connected (n ≥ 1). For any abelian group G and p = m + n + 1 we have a long exact sequence
For the rest of the section let Y be a 5-dimensional CW-complex and ξ an oriented rank 5 vector bundle over Y. We will consider ξ as a map ξ : Y → B 5 .
The next proposition is central to compute the obstructions for lifting of ξ to B 3 (for the fibration Bρ : B 3 → B 5 ). Proof. From Remark 2.1 we have that X is 2-connected with π 3 (X) H 3 (X) Z 10 . Hence by the Universal Coefficient Theorem H 3 (X; π 3 (X)) Hom(π 3 (X), π 3 (X)). Let γ 1 ∈ H 3 (X; π 3 (X)) be the element which corresponds to the identity in Hom(π 3 (X), π 3 (X)). We replace q by a map which is a fibration and homotopic to q. Denote this fibration again by q. Let F be its homotopy fibre. From [Tho67b, p.189] we know that F is 3-connected with π 4 (F) π 4 (X) Z 2 . Let γ 2 ∈ H 4 (F; π 4 (F)) = Hom(π 4 (F), π 4 (F)) be the identity element and set k 2 := −τ(γ 2 ), where now τ is the transgression map in the Serre exact sequence for the fibration F → B 3 → E. From [Tho67b, p. 190 ] and since Y is a complex of dimension 5, the mapξ : Y → E has a lift to a map Y → B 3 if and only ifξ * (k 2 ) = 0.
We fix the notation for k 1 , k 2 and p : E → B of Proposition 2.3 for the rest of the article.
Note that if ξ has a lift to a map Y → E, then this lift has not to be unique. Therefore we make the 
In this section we will compute the cohomology class k 1 and the group H 5 (E; Z 2 ) and derive some useful properties for the set k 2 (ξ). In section 3 we will compute explicitly k 2 (τ M ) for the tangent bundle τ M of an oriented 5-manifold with w 2 (M) = 0 where τ * M (k 1 ) = 0. We saw in Proposition 2.3 that k 1 lies in the kernel of Bρ * : H 4 (B 5 ; Z 10 ) → H 4 (B 3 ; Z 10 ). Hence, as a first step to determine k 1 we need to compute this kernel. (b) Let ρ T be ρ restricted to the maximal Torus of SO(3), then this map is given by ρ T : 
Proof. We set ι := pr * 2 ι 3 ∈ H 3 (K(Z 10 , 3), Z 2 ). Using property 5 of [Tho66, p. 16] we have the exact sequence (coefficients in Z 2 are to be understood)
where ν, τ 1 are defined on p.18, p.16 of [Tho66] respectively. By the Künneth theorem we have
3 generated by the elements ι⊗w 2 , Sq 2 ι⊗1, 1⊗w 2 ⌣ w 3 . By property 2 and 3 on pp. 14 in [Tho66] we obtain that ker τ 1 is generated by Sq 2 ι ⊗ 1 + ι ⊗ w 2 . Hence k 2 is the generator of H 5 (E) and
Using Lemma 3(c) in [Tho66] and the above relation we finally obtain 
Since the horizontal arrows are injective (cf. [Tho66, p. 16]) on cohomology level in dimension 5 we obtain that f * (k) = k 2 .
Proof of Theorem 1.4 (a)
In this section we would like to compute the cohomology class in k 2 (ξ) for ξ a 5-dimensional vector bundle of rank 5 over a 5-manifold M with w 2 (M) = 0 (note that by Corollary 2.5 k 2 (ξ) is a set and by Remark 2.11 it contains only one element). Therefore we will connect this class to a secondary cohomology operation Ω associated to a certain Adem relation. More precisely, we will apply the secondary cohomology operation on the Thom class of the Thom space induced by the tangent bundle of M. Finally we will compute Ω in two different ways (Corollary 3.4 and Corollary 3.7) which in turn will determine k 2 (ξ). Thus on integral classes of dimension ≤ 5 we obtain the relation Sq 2 Sq 4 = 0.
Let Ω be a secondary cohomology operation associated with the above relation. Now, if u ∈ H j (Y; Z) with j ≤ 5 then Ω is defined on u provided Sq 4 u = 0 and the image of Ω is a coset in H 5+j (Y, Z 2 ) by the subgroup Sq 2 H 5+j−2 (Y, Z 2 ).
In our case Y will be the Thom space of the tangent bundle of a 5-manifold and u will be the Thom class of this bundle.
We proceed with the computation of the secondary cohomology operation applied to the Thom class of the tangent bundle of M. Therefore let γ 5 denote the universal vector bundle of Hence we obtain the diagram (notation is taken from Proposition 2.12)
Since the pair (w, α) = (w 4 , Sq 2 ) is admissible we obtain Proposition 3.1 (Theorem 6.4 in [Tho67a] ). There is an m ∈ H 5 (B 5 ) such that
where k is the generator of H 5 (Ẽ; Z 2 ).
With Proposition 2.12 and the naturality of secondary cohomology operations we conclude Corollary 3.2. There is an m ∈ H 5 (B 5 ) such that 
]). Let M be a closed spin manifold of dimension
4k + 1, k > 0, such that w 4k (M) = 0. Then I 2 M =χ(M),
whereχ(M) is the semi-characteristic of M defined in section 1.
Combining the two theorems above, we obtain Corollary 3.7. Let M be a closed spin 5-manifold such that w 4 (M) = 0. Then we have
where µ ∈ H 5 (M; Z 2 ) is the generator.
Finally we are ready for the Proof of Theorem 1.4 (a). Note first, that if w 4 (M) = 0 it follows from corollaries 3.4 and 3.7 that In Theorem 1.4 (a) we saw that an irreducible SO(3)-manifold M with w 2 (M) = 0 possesses also a standard structure. Hence there are two different descriptions of the tangent bundle of M. We close this section with a proposition which compares these two descriptions. In Lemma 3.1 of [ABBF11] the existence of an irreducible SO(3)-structure is equivalent to the existence of a 3-dimensional vector bundle ξ over M such that the tangent bundle τ M is isomorphic to the symmetric trace-free endomorphisms Sym 0 (ξ) of ξ. On the other side, since M admits also a standard SO(3)-structure, the tangent bundle is isomorphic to η ⊕ ε 2 , where η is a rank 3 vector bundle and ε 2 the trivial rank 2 vector bundle over M. Finally to formulate the proposition, we have to introduce a certain kind of operation on rank 3 vector bundles over 5-manifolds:
Let ξ be a 3-dimensional vector bundle with a spin structure over M. Proof. It is known that H * (HP ∞ ; Z) = Z[u] where u ∈ H 4 (HP ∞ ; Z). Moreover we have G * u = 5u by definition and p 1 = 4u where p 1 generates the algebra H * (BSO(3); Z)/torsion. Therefore by naturality we obtain p 1 (G(ξ)) = 5p 1 (ξ) = p 1 (M) and w 2 (G(ξ)) = 0. By Lemma 1 of [Tho68] we have that τ M and G(ξ) ⊕ ε 2 are stably isomorphic and by Lemma 3 of the same paper we obtain that they are isomorphic, since M admits a standard SO(3)-structure.
Proof of Theorem 1.(b)
In this section we work under the assumptions of Theorem 1.4 (b) and let P : Remark 4.5. We believe that in the general case (i.e. without the assumption on H 4 (M; Z)) the theorem should be true anyway. It is also reasonable to ask if a similar approach as in [Ati70] could be used for the existence of an irreducible SO(3)-structure.
Examples
In [BN07] the authors classified homogeneous manifolds with irreducible SO(3)-structures and in [ABBF11] there were also some non-homogeneous examples mentioned as circle bundles over complex surfaces. In [ABBF11] it was shown that SU(3)/SO(3) does not possess a standard SO(3)-structure but possesses an irreducible one withχ(M) = 0. So it was conjectured that χ(M) is the second obstruction. However Proposition 1.8 is counterexample. Let us consider the case d = 3. We set Σ := Σ 3 and let β denote the intersection form of Σ. It is known that this space is diffeomorphic to CP 2 #6CP 2 . Furthermore let w ∈ H 2 (Σ; Z) such that w is orthogonal to u with respect to β and w u, i.e. w ⌣ u = 0. Let π : M → Σ be the S 1 -bundle over Σ associated to the class c := u + w. Using the Gysin-sequence for sphere bundles one obtains (see also Furthermore the first Pontryagin and the fourth Stiefel-Whitney class are additive under the operation of building connected sums. Hence we obtain
